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<& Closed 141D systems out of equilibrium



Partitioning protocol

EXampIe: Harmonic Chaln E.g.: Lebowitz, Spohn, CMP (1977)

2
p n
H= E {2;1 +V(gj+1 — (Ij+1)} V(g) e ¢?
J

Fig.: Brun, Hartle, PRD (1999)

Example: XY spin chain E.g.: Aschbacher, Pillet, JSP (2003)

H=—73 [0+ +1-088Y]  hi<1
J

Initial state:  Temperatures 6;1 forj < M —1 and ﬁgl forj > N+1
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Smooth profiles

Continuum model on the circle

Trle=¢O(x, )]

Consider Trfo G|

for local observables O(z,t) = e1tO(x)e ¢
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Hydrodynamic description

Reduction of degrees of freedom:

Microscopic: Boltzmann equations: Hydrodynamics: Thermodynamics:
ballistic, il ir il i towards entropy maximisation, entropy maximisation,
dynamics of each of densities of particles irreversible dynamics of homogeneous, stationary
particle in phase space local thermodynamic states state
T T T T Scale

Doyon, SciPost Phys. Lect. Notes (2020)

Generalized hydrodynamics (GHD) Castro-Alvaredo, Doyon, Yoshimura, PRX (2016)
Bertini, Collura, De Nardis, Fagotti, PRL (2016)

Conserved local charges Q = (Q1, Q2,...) with Q; = [dz ¢j(x) and
conjugate thermodynamic fields B(z,t) = (51(z,t), Ba(x, t),...)

Euler-scale approximation

ﬁk*Zﬂﬂﬂm@WMfwxaﬂ]NngiL%@ﬂ%ome
Tr [e_ >, Jde ﬁj(r/)%‘(m’)] - Tr[e_ 22 ﬁj(w,t)Qj]
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Outline

<& Non-local Luttinger model



Non-local Luttinger (NLL) model
Hamiltonian: H = Z /dxvpzwf(x)(—irax)w:(x):
r==+

1
+3 Z // dadz’ [0, g2Va(x — 2') + 6y gaValz — )] pr (@) prv (2)
ror/==4

~L/2 | L)2
|
T #w =t >
0 x
Fermionic fields: v~ (z) and ¢;f (z) = ¢ (x)! satisfying CAR
Wr @0l @)} = 6dl@—a") {97 (@), 95"} =0

Densities:  pi(z) = 9L (2) (v):
Tomonaga, Prog. Theor. Phys. (1950) Mastropietro, Wang, PRB (2015)
Luttinger, JMP (1963) Langmann, Lebowitz, Mastropietro, P.M., CMP (2017)
Mattis, Lieb, JMP (1965) Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Exact solution by bosonization

Vau(p) = fféj? do Vaa(z)e™” forpe 27,

Fourier transforms: /b :
{Pi (p) = f,é/g dz pi(z)e™ P L

Conditions:  Va4(p) = V2,4(—p) and

Z plg2Va(p)] ’

< o0
21 [2mvp + 94Va(p)]

|92Va(p)| < 2mvr + g4Va(p) Vp,
p>0

TUR

Examples:  V54(p) = 1+ (ap)?

V2 4(p) = mvp sech(ap) for a >0
Bosonization == H written as a bilinear in p.(p) = p+(—p)! satisfying

Lp
pr(0)[¥o) =0 Yrp>0,  [p(p), pr(—=p")] = "Ors 5 Opp

Reviews: Voit (1995); Schulz, Cuniberti, Pieri (2000); Langmann, P.M., JMP (2015)
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Diagonalization

Propagation velocity and Luttinger parameter

o(p) :vF\/{lJr g4V4(p)r_ [ngz(p)r K(p) = \/QW +94Va(p) — 92V2(p)

2muE 2mvr 2mvp + gaVa(p) + g2Va(p)
then
I( K(o)?
s p>0

Bogoliubov transformation

prp) = LKD) ) G = eo = 0)

then =
:Z*” QQJFZZ pr(p): + Egs
r= r= ip;éO
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Densities and currents

Energy density:  &(z) = mvp [p1(z)?: +:p_(2)*]]

1 L2
+= > / da’ [6r,—p g2Va(z — ') + 6,0 gaVa(x — 2] pr () ppr (2)
ror!=%4 —L/2

Particle density:  p(x) = p1(x) + p_(x)

Associated heat and charge currents:  J(x) and j(z) satisfying

HE+ T =0  Op+8yj=0
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<& Exact analytical transport results



Chemical-potential profile

e L/2
Initial state p,() = with G = b’[ / dz u(x)p(x)]
r[ ] —L/2
and p(z) = p+ SuW (z) for smooth W(x)

Large and small gauge transformations implemented by

. L2
V = V+V_ V?" e R;Twe_rl f—L/Q dz 77(17)107«(17)

K(p)éuW (p)
v(p)

Trle PH Oy (x,1)]
Tr[e—FH]

, then VGV~ = BH + const

" and in(p) =

— |Tr [ﬁu()O(l’, t)] =

with Oy (2,t) = VO(z,t)V~! for O(z,t) = etO(z)e 1

Langmann, Lebowitz, Mastropietro, P.M., CMP (2017)
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Exact results for charge transport

Particle density

. . _ [T dp K®)BP) [ iplo—vm)t] | iplst+om)]
i Tr[pp(a, t)] = /_OO gw[e te ]

Charge current

/ = dp K(p)u(p) [Pl —v()] _ gipla-+o(r)]

lim Tr[p, iz, t)] =
[ w(-) } 0027T o1

L—oo
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Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

KR/ 1

Kink of width &

-1

Particle density

iv[R(w, 0.00¢/vp) — R]/I

1

0%‘» t
R(z,t) = Lli_lgo Tr[pucyp(x, t)]
R = lim R(z,t)

t—o0

—— 7
o

)8

0 1

Charge current
i](z,O.OOZ/vF)/I

1

0 t t t t t t t t t
-1 0 1
-1

I(x,t) = Lli_lgo Tr[pucyi(z,t)]
I = lim I(z,t)

t—o0

I8

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.
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Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

Kink of width &

KR/ 1

Particle density

iv[R(z,O.QM/vp) —R]/I $1($’0'254/UF)/I

1 1

0 N N e T Vi 0 —— e i
# -1 0 1 # -1 0 1

1 —1

R(z,t) = Lli_lgo Tr[pucyp(x, t)] I(x,t) = Lli_lgo Tr[pucyi(z,t)]
R = lim R(z,t) I= tlim I(z,t)
— 00

t—o0

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.
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Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

Kink of width &

KR/ 1

Particle density Charge current

v[R(,0.50¢/vp) — R/ f <%

I(x,t) = Lli_lgo Tr[pucyi(z,t)]

I8

|

R(z,t) = Lli_lgo Tr[pucyp(x, t)]

R = lim R(z,t) I= tlim I(z,t)
— 00

t—o0

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ = 0.25, uy, = 1.95, ug = 0.05, §/£ = 0.1, vp /€ = 0.025
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Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

KR/ 1

Kink of width &

-1

Particle density

iv[R(w, 0.75¢/vp) — R]/1

1

0%‘» t
R(z,t) = Lli_lgo Tr[pucyp(x, t)]
R = lim R(z,t)

t—o0

AN
NZ 1

I8

)8

0 1

Charge current

f@j“@“_/\

I(x,t) = Lli_lgo Tr[pucyi(z,t)]
I = lim I(z,t)

t—o0

I8

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.
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Charge transport in the NLL model

Initial chemical-potential profile

Kink of width &

@)/ p
Br/p
1
KR/ 1
—1
Particle density
v[R(x,1.00¢/vp) — R]/1
oi ‘/H\ ——t ﬁw/\ 7
R(z,t) = Lli_lgo Tr[pucyp(x, t)]
R= tlirn R(z,t)

)8

0 1

Charge current

et~

0 t t t t t t t t t
-1 0 1
-1

I(x,t) = Lli_lgo Tr[pucyi(z,t)]
I = lim I(z,t)

t—o0

I8

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.

10/23



Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

Kink of width &

pR/B

Particle density

1

iv[R(w, 1.25¢/vp) — R)/I

I ——
}‘» —1 0 1
R(z,t) = Lli_lgo Tr[pucyp(x, t)]

R = lim R(z,t)

t—o0

Charge current
I(xz,1.25¢/vp)/I

I(x,t) = Lli_lgo Tr[pucyi(z,t)]
I = lim I(z,t)

t—o0

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.



Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

Kink of width &

KR/ 1

Particle density Charge current

i](aj, 1.50¢/vp) /I
1

o I e v
1 0 1

iv[R(w, 1.50¢/vp) — R)/I

TS I | | | | I z
f t t t ——t 7

0 . . ;
—1 0 1
1 -1

R(z,t) = Lli_lgo Tr[pucyp(x, t)]

J———

I(x,t) = Lli_lgo Tr[pucyi(z,t)]

R = lim R(z,t) I= tlim I(z,t)
— 00

t—o0

Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.
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Charge transport in the NLL model

Initial chemical-potential profile

#Uﬂu@m

1

Kink of width &

KR/ 1

Particle density Charge current

1

i](aj, 2.00¢/vp) /1

[ t t t t t t t t t 0 t t t t t t
—1 0 1 —1 1
1 -1

I(x,t) = Lli_lgo Tr[pucyi(z,t)]

iv[R(w, 2.00¢/vp) — R]/I

I8

R(z,t) = Lli_lgo Tr[pucyp(x, t)]
R = lim R(z,t) I = lim I(z,t)
t—o00 t—oo
Here: V3 4(p) = mvp sech(ap), g2,4 =1, a/€ =0.25, uy, = 1.95, pg = 0.05, §/£ = 0.1, vp /€ = 0.025.
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Non-equilibrium steady state (NESS)

e~ GNEss

Evolving p,,(.y under H yields pness = at long times with

Tr e—Gness

GNess = (H 1 VK (0)Qy — uryVE Q) B(H—psQy —psQ-)

where Q1 = p+(p)[p=0 and pg = ML—;MRiK(O)ML;MR-
Steady current: [ = Lh_}rr;o Tr [ pness j(z)] = 267;( € —us)
B, 1% ‘ B, ne
-4 0 L z
1+ K(0) ~ K(0)

Qr.

Recall that Q, = 5,(p)|p—o satisfy Q, = .
ecall that Qr = pr(p)|p=0 satisfy Q 2\/762 m
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Inverse-temperature profile

L/2

Initial state pg() = W|th G = dz 8(z)&(x) and
[ —L/2

B(x) = B[l + eW (z)] for smooth W(z) and € = 65/

Quasi-free bosonic model = Use boson second quantization

A=dl(A) =D > A (p,p):b] (p)b; (p):

rr! p,p’
of 1-particle operator A = (A, ,/(p,p’)) with boson operators

b, (p) = v2r/L|plp;(p) b, (p)[¥o) =0 Vrp>0

T

b, (p) = rsgn(p)b, (p)' (6,7 (p), 0,5 (P)] = 6700 pr

1-particle trace:  tr(A4) = Z ZAm(p,p)
rop

Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Formal series expansion
Let G = B(H + W), H =dI'(K), W = d['(W), © = dI'(O). Then

Tr[e 0]  Tr[eP70]  Tr[e PCEEWARO)]  Tr[e #TEaD(0)]
Tr[e*G] Tr[e*ﬁH] - Tr[e—ﬁdf‘(K+W)] Tr[ —/3df(K)}

- tr({ [2PEHW) _q] =" _ [2PK }O)

{ )

- % Ve(;ﬁ)ztl({ [iv — 2(K + W)] - [l —2K] 71}0)
< 1 s -1 v — 1
Z:: ! VE;;B); <[ 2K] {QW[ 2K } O)

Trle 9O(z,t)] Trle PHO(z,t)] &

= ’IY[e‘G] = Tr[e—ﬁH] +n§::16 Gy’ (z,t)

Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Both inverse-temperature and chemical-potential profiles

L/2

Wlth G= dz B(z) [E(z) — p(z)p(z)]

Initial state g u()
[ —L/2

Conjugate O = df(O) with V implementing gauge transformations
O — Oy = VOV~ = dI'(Oy) + 1st and Oth order terms in b (p)

with Oy = VOV ! and V depending on 3(x) and u(z)

Repeat formal series expansion

Trle=¢O(x,1t) Tr[e PP Oy (a, 1) o ny(n
— [Tr[e—G] - [Tr[e—f;ﬂ } +Z‘16 Goute

14 /23



Local Luttinger model

The terms for © = € and J can be evaluated and resummed:
F(x — vt) + F(z + vt)

Jim Tr[pae) )€ (w, )] = 5%

. . F(x —ovt) — F(xz + vt

Jim Te[pp() u) T (2,1)] = ( ) 2 ( )
where F(z) = 622 2 +Z €"Fo(x) and

dpo dpn
(o) = /Rn+1 (2m) (2@t <H W ~ Piv1 )

v 1 - TUp; i(po—pn)z
X§ZE Z (Hiu—rvpj)e
T ve(2r/B)Z “j=0
. . _mec Ku(z)?  e? |8(x) 1(8(x)\>
implies  F(z) = 68(x) + =5 T o { Bx) 5(,8(00)) ]

W|th C = 1, v = 'U(O), K = K(O) Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
Gawedzki, Langmann, P.M., JSP (2018)
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Local Luttinger model

The terms for O = £ and J can be evaluated and resummed:

. . _ F(xz —vt) + F(x + vt)
Jim Tr[ps) ) €(w, )] = 5

. R F(x —ovt) — F(x + vt

lim Tr[pp() ()T (2,8)] = ( ) K )

L—oo 2

while all terms except the first are zero for O = p and j:

. A G(x — vt) + G(z + vt)
Jim TP ey pl,t)] = 20

‘ X , G(x — vt) — G(x + vt)
LlirgcTr[ﬂﬁ<-),u<->J($7t)] = 2

2

where  F(r) = MO K@) o [6”(96) ! (ﬂ’(:v))Q]

Blx) 2

66(x)? 27 127 B(x)

with c =1, v =v(0), K = K(0).

Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)

Gawedzki, Langmann, P.M., JSP (2018)
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Conformal field theory

The term —2.@) 4 1 (5,(33))2 can be written as a Schwarzian derivative
B(x) 2\ B(x)

@) 3 ("))
$59)(@) ="y 2<g/<x>)

of the orientation-preserving circle diffeomorphism
v Bo 11 /”2 dz
g(x) = dz’ , — == —.
(@) /0 B(z’) Bo LJ s B(x)

Suggests that the results for 5(z) can be obtained by conformal
transformations: Shown using projective unitary representations of g(x)
on the H||bert Space Gawedzki, Langmann, P.M., JSP (2018)

For inhomogeneous systems with velocity v(z). P.M., accepted in AHP (2021)
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Conserved charges

Let 7, = {(r,p)|r:i, pe 27t} and Iy = {(r,0)|r:i}

Mutually commuting conserved charges

%U(p/) [5 prr(p — ") pr (p'):

Qv p = Q' pr (0), qr’ p (p) = + 2 (=" ) pr (P er/):] (') ey
Z0(0)pr (p)Q (r',p') € Iy
Q= ql(0), )/ (p) = VK (p)pr(p) r =+

Generalized Gibbs ensemble

Q = ((QT’,p’)(r’,p’)er (Qi’)r’:i> 1=17,U1

SUCh that H = Z Q,,./’p/ + EGS
(r'.p')eT
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Inhomogeneous quantum quench

Initial state — ' with
Tr[e=%0 ]

Gg() = Z / dz By (z)gr 0’ ()

(r ez, ¥ L2

L/2
+ X [ debea@laro(o) - b @)al (@)

p—gJ—L/2

where g7y (2) = 3, 1q  (p)e'P® and similarly for g7 ()

Quench dynamics:

Trle= %0 O(,1)]

_ iHt —iHt
Tr[eGac ] O(xz,t) = e O(x)e

(O(x,t)p() =
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Euler-scale GHD

Euler-scale hydrodynamic approximation

Tr [efcﬁ(“) (’)]

Tr [e_GB(w,t)] 0 =0(0,0)

(O, 1))a() = (O)a(at) =
with

G,@(z,t) = Z Brﬁp’ (.%, t)Qer’ + Z ﬁr’70(x, t)[Qr’,O - /,Li,(m, t)QrJ']

(r",p")EI\Lo r'=+

Hydrodynamic equations 9;(¢:) g(s,¢) + 02 (Ji)8(x,t) = 0 become

Ou(ar p)Bat) + AL (@) 0x g p) oty = 0
(r,p"")ET

J " J
at<qr’>,5(z,t) + Z A:’ (1’7 t) 830 <%ﬂ”>ﬁ(z,t) =0
r=4
P.M., SciPost Phys. (2020)
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Explicit solutions

Flux Jacobians:

1 1 a '7-' T
AL (x,t) = 70 )8 )

;0 = /) ’ o’ p'’
r.p N 1) B t) P P o Td[v(p)p]
P 3<Jw>ﬁ(w t) i " dp
r! (x, t) J rp/ 0(S r”
a<qr”>ﬁ(x t)

Hydrodynamic equations = PDEs for B(x,t) with B(z,0) = B(x):

at<Qr',p> B(z, )+1} ’ ’8 <QT'P'>5(I75) =0
8t<qr/> B(z,t) +Ueff08 (g, > 4 =0

Solutions:

Borr (@) = By (x — o) i, t) = pl (= o2ft)

P.M., SciPost Phys. (2020)
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<& Emergence of hydrodynamics



Euler-scale GHD results for transport

For simplicity, initial state with B4 ,(z) = B(z) and pd(z) = p(z)

Heat transport:

v(p)p K(0)p(z — viht)?
ﬁ(m t) Z/ 27T B(w v?f;t)v(p) -1 t zr: 47 1}(0) +5GS

dp et v(p)p rE(0)p(x — vfht)
Bl = Z/ o TP Bla—vefityop _ +Z: 47

Charge transport:
o K (0)u(z — vfit)
<p>ﬁ(w’t) = Z 2mv(0)

T

rK (0)u(z — vilht)

Dy = 3 s

T

Here: (:)*° = limz_o0(*)
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Emergent Euler-scale GHD results

Claim:
lim <O()\(E,)\t)>5(/)\) = <O>,6(m,t)

A—00
From exact results for charge transport:

. o T de )‘,U'(Ap) 1p[)\z ru(p)At]
Ahjgo(p(/\x,)\t))ﬁu)) - /\ILH;OZ/ 2 2mv(p) +0(e )

2 — o ) ~ 2
_ Z % +0(e") = (M B +O(€7)

. . 0o I dp TK( ))\/.L()\p) 1p [Az—rv(p)At]
Jim (G (Az, At))g(/n) = AILHQOZ: Lo o +0()
B Z rK(0)u(z — viff)t)

o +0(€°) = (Nten +O(€)

r

Similar for heat transport

Also: Formal proof for any local observable (no series expansion in €)
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Euler scale vs. long-range interactions

On the previous slide, change of variables from p to p/A
— Dependence on K(p/\) and v(p/\)
— Dependence on V5 4(p/\)

TR

Example: If Va4(p) = T+ ()2 then
0 a — oo (for A fixed)
% A
24(p/A) = {TF’UF A — oo (for a fixed)

in the sense of distributions

— Euler-scale and long-range limits do not commute
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Summary

o Exact analytical results for heat and charge transport in the
non-local Luttinger model. Non-trivial dispersive effects.

o Emergence of Euler-scale generalized hydrodynamics in the
non-local Luttinger model with short-range interactions.

Outlook:

¢ General quasi-free bosonic models in 14+1 dimensions. Effects of
integrability-breaking terms?

o Euler scale vs. long-range interactions. Precise conditions?
< Beyond Euler-scale hydrodynamics.

o Global quenches, e.g., interaction quench.
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