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Partitioning protocol

Example: Harmonic chain E.g.: Lebowitz, Spohn, CMP (1977)

H =
∑

j

[
p2j
2m

+ V (qj+1 − qj+1)

]
V (q) ∝ q2

Fig.: Brun, Hartle, PRD (1999)

Example: XY spin chain E.g.: Aschbacher, Pillet, JSP (2003)

H = −J
∑

j

[
(1 + γ)Sxj S

x
j+1 + (1− γ)Syj S

y
j+1

]
|γ| ≤ 1

Initial state: Temperatures β−1L for j ≤M − 1 and β−1R for j ≥ N + 1
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Smooth profiles

Continuum model on the circle

L/2−L/2

0−` ` x

Initial state
e−G

Tr[e−G]
with G =

∫ L/2

−L/2
dxβ(x)

[
E(x)− µ(x)ρ(x)

]

µL

µR

0
x

µ(x)

β−1
L

β−1
R

0
x

β(x)−1

Consider
Tr[e−GO(x, t)]

Tr[e−G]
for local observables O(x, t) = eiHtO(x)e−iHt
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Hydrodynamic description

Reduction of degrees of freedom:10 CHAPTER 2. RUDIMENTS OF HYDRODYNAMICS

Microscopic: 
ballistic, reversible 
dynamics of each 

particle

Boltzmann equations: 
irreversible dynamics 

of densities of particles 
in phase space

Hydrodynamics: 
towards entropy maximisation, 

irreversible dynamics of 
local thermodynamic states

Thermodynamics: 
entropy maximisation, 

homogeneous, stationary 
state

Scale

Figure 2.1: Time scales in gases with their various theoretical descriptions.

temperature, a chemical potential and a Galilean boost: three numbers instead of an infinity. This change in
the degrees of freedom used to describe the local states – from densities in single-particle phase space to the
degrees of freedom of entropy-maximised thermodynamic states – is one of the most important assumptions
of hydrodynamics. Hydrodynamics is a derivative expansion, and as such there are various scales within
it, obtained by various scaling limits. Unless one takes the Euler scaling limit, which is the lowest order in
derivatives, hydrodynamics is generically irreversible: Navier-Stokes type of terms, which are at the second
order in derivatives, lead to diffusion. By diffusion or other mechanisms, the weak state modulations in
space eventually disappear, and at the largest time scales, one recovers thermodynamics.

Of course, this picture is clear for a classical gas, but similar principles are expected to hold for classical
and quantum gases, lattice models, and field theories. In constructing generalised hydrodynamics of inte-
grable systems, we simply follow these basic principles. I will now make them more precise, in a general
one-dimensional setting that includes conventional and integrable systems.

The most fundamental objects in hydrodynamics are the conservation laws afforded by the model under
consideration. These are at the basis of the manifold of entropy-maximised thermodynamic states, and as a
consequence give the dynamical degrees of freedom governed by hydrodynamics.

In this Chapter, I will describe the main aspects of thermodynamics and hydrodynamics that we need
in order to fully understand the theory of generalised hydrodynamics. I start with a review of very basic
hydrodynamics from textbooks: the Euler and Navier-Stokes equations.

2.1 Euler and Navier-Stokes equations

Before extracting the general principles, it is useful to remind ourselves of the usual equations of hydrody-
namics for Galilean fluids (in one dimension of space). They take the following form:

∂tr(x, t)+∂x[v(x, t)r(x, t)] = 0

∂tv(x, t)+ v(x, t)∂xv(x, t) =
1

r(x, t)

⇥
�∂xP(r(x, t))+z ∂ 2

x v(x, t)
⇤
.

(2.1)

In general there is also an equation for the local entropy, but in isentropic fluids – a good approximation in
many situations – the above are enough. The dynamical variables are r(x, t), the local mass density (for
simplicity we assume a unit mass m = 1), and v(x, t), the local velocity field. In the second equation, P(r)
is the pressure, purely a function of the mass density, and z , the bulk viscosity (in one dimension, there is
no shear viscosity). The pressure and bulk viscosity are the only model-dependent quantities, which must
be determined from microscopic calculations. Once they are known, Eqs. (2.1) describe the time evolution
of the fluid. That is, these equations stipulate that there is a large reduction of the number of degrees of

Doyon, SciPost Phys. Lect. Notes (2020)

Generalized hydrodynamics (GHD) Castro-Alvaredo, Doyon, Yoshimura, PRX (2016)
Bertini, Collura, De Nardis, Fagotti, PRL (2016)

Conserved local charges Q = (Q1, Q2, . . .) with Qj =
∫

dx qj(x) and
conjugate thermodynamic fields β(x, t) = (β1(x, t), β2(x, t), . . .)

Euler-scale approximation

Tr
[
e−

∑
j

∫
dx′ βj(x

′)qj(x
′)O(x, t)

]

Tr
[
e−

∑
j

∫
dx′ βj(x′)qj(x′)

] ≈ Tr
[
e−

∑
j βj(x,t)QjO(0, 0)

]

Tr
[
e−

∑
j βj(x,t)Qj

]
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Non-local Luttinger (NLL) model

Hamiltonian: H =
∑

r=±

∫
dx vF :ψ+

r (x)(−ir∂x)ψ−r (x):

+
1

2

∑

r,r′=±

∫∫
dxdx′

[
δr,−r′g2V2(x− x′) + δr,r′g4V4(x− x′)

]
ρr(x)ρr′(x

′)

L/2−L/2

0

ψ±
−(x)ψ±

+(x)

x

Fermionic fields: ψ−r (x) and ψ+
r (x) = ψ−r (x)† satisfying CAR

{
ψ−r (x), ψ+

r′(x
′)
}

= δr,r′δ(x− x′)
{
ψ±r (x), ψ±r′(x

′)
}

= 0

Densities: ρ±(x) = :ψ+
±(x)ψ−±(x):

Tomonaga, Prog. Theor. Phys. (1950)
Luttinger, JMP (1963)

Mattis, Lieb, JMP (1965)

Mastropietro, Wang, PRB (2015)
Langmann, Lebowitz, Mastropietro, P.M., CMP (2017)
Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Exact solution by bosonization

Fourier transforms:

{
V2,4(p) =

∫ L/2
−L/2 dxV2,4(x)e−ipx

ρ±(p) =
∫ L/2
−L/2 dx ρ±(x)e−ipx

for p ∈ 2π

L
Z

Conditions: V2,4(p) = V2,4(−p) and

∣∣g2V2(p)
∣∣ < 2πvF + g4V4(p) ∀ p,

∑

p>0

p
[
g2V2(p)

]2

2πvF
[
2πvF + g4V4(p)

] <∞

Examples: V2,4(p) =
πvF

1 + (ap)2
V2,4(p) = πvF sech(ap) for a > 0

Bosonization =⇒ H written as a bilinear in ρ±(p) = ρ±(−p)† satisfying

ρr(p)|Ψ0〉 = 0 ∀ rp ≥ 0, [ρr (p), ρr′(−p′)] = rδr,r′
Lp

2π
δp,p′

Reviews: Voit (1995); Schulz, Cuniberti, Pieri (2000); Langmann, P.M., JMP (2015)
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Diagonalization

Propagation velocity and Luttinger parameter

v(p) = vF

√[
1 +

g4V4(p)

2πvF

]2

−
[
g2V2(p)

2πvF

]2

, K(p) =

√
2πvF + g4V4(p)− g2V2(p)

2πvF + g4V4(p) + g2V2(p)

then

H =
∑

r,r′=±

∑
p

π

L
v(p)

1 + rr′K(p)2

2K(p)
:ρr(−p)ρr′(p):−

∑
p>0

[
vF − v(p)

1 +K(p)2

2K(p)

]
p

Bogoliubov transformation

ρ̃r(p) =
∑

r′=±

1 + rr′K(p)

2
√
K(p)

ρr′(p) Q̃r = ρ̃r(p = 0)

then

H =
∑

r=±

π

L
v(0)Q̃2

r +
∑

r=±

∑

p 6=0

π

L
v(p) :ρ̃r(−p)ρ̃r(p): + EGS
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Densities and currents

Energy density: E(x) = πvF
[
:ρ+(x)2 : + :ρ−(x)2 :

]

+
1

2

∑

r,r′=±

∫ L/2

−L/2
dx′
[
δr,−r′g2V2(x− x′) + δr,r′g4V4(x− x′)

]
ρr(x)ρr′(x

′)

Particle density: ρ(x) = ρ+(x) + ρ−(x)

Associated heat and charge currents: J (x) and j(x) satisfying

∂tE + ∂xJ = 0 ∂tρ+ ∂xj = 0
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Chemical-potential profile

Initial state ρ̂µ(·) =
e−G

Tr[e−G]
with G = β

[
H −

∫ L/2

−L/2
dxµ(x)ρ(x)

]

and µ(x) = µ+ δµW (x) for smooth W (x)

Large and small gauge transformations implemented by

V = V+V− Vr = R−rwr e
−ri

∫ L/2
−L/2 dx η(x)ρr(x)

If w =
L

2π

K(0)µ

v(0)
and iη(p) =

K(p)δµW (p)

v(p)
, then VGV−1 = βH + const

=⇒ Tr
[
ρ̂µ(·)O(x, t)

]
=

Tr[e−βHOV(x, t)]

Tr[e−βH ]

with OV(x, t) = VO(x, t)V−1 for O(x, t) = eiHtO(x)e−iHt

Langmann, Lebowitz, Mastropietro, P.M., CMP (2017)
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Exact results for charge transport

Particle density

lim
L→∞

Tr
[
ρ̂µ(·)ρ(x, t)

]
=

∫ ∞

−∞

dp

2π

K(p)µ(p)

2πv(p)

[
eip[x−v(p)t] + eip[x+v(p)t]

]

Charge current

lim
L→∞

Tr
[
ρ̂µ(·)j(x, t)

]
=

∫ ∞

−∞

dp

2π

K(p)µ(p)

2π

[
eip[x−v(p)t] − eip[x+v(p)t]

]
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Charge transport in the NLL model

Initial chemical-potential profile

−1 0 1

µR/µ

1

µL/µ

x
`

µ(x)/µ

Kink of width δ

Particle density Charge current

−1 0 1

−1

0

1

x
`

v[R(x, 0.00`/vF )−R]/I

−1 0 1

−1

0

1

x
`

I(x, 0.00`/vF )/I

R(x, t) = lim
L→∞

Tr
[
ρ̂µ(·)ρ(x, t)

]
R = lim

t→∞
R(x, t)

I(x, t) = lim
L→∞

Tr
[
ρ̂µ(·)j(x, t)

]
I = lim

t→∞
I(x, t)

Here: V2,4(p) = πvF sech(ap), g2,4 = 1, a/` = 0.25, µL = 1.95, µR = 0.05, δ/` = 0.1, vF /` = 0.025.
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Non-equilibrium steady state (NESS)

Evolving ρ̂µ(·) under H yields ρ̂NESS =
e−GNESS

Tr e−GNESS
at long times with

GNESS = β
(
H − µL

√
K(0)Q̃+ − µR

√
K(0)Q̃−

)
= β

(
H − µe+Q+ − µe−Q−

)

where Q± = ρ±(p)|p=0 and µe± =
µL + µR

2
±K(0)

µL − µR
2

.

Steady current: I = lim
L→∞

Tr
[
ρ̂NESS j(x)

]
=

e2

2π~
(µe+ − µe−)

0−` ` x
β, µe

+ β, µe
−

Recall that Q̃r = ρ̃r(p)|p=0 satisfy Q̃r =
1 +K(0)

2
√
K(0)

Qr +
1−K(0)

2
√
K(0)

Q−r.
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Inverse-temperature profile

Initial state ρ̂β(·) =
e−G

Tr[e−G]
with G =

∫ L/2

−L/2
dxβ(x)E(x) and

β(x) = β[1 + εW (x)] for smooth W (x) and ε = δβ/β

Quasi-free bosonic model =⇒ Use boson second quantization

A = dΓ̂(A) =
∑

r,r′

∑

p,p′

Ar,r′(p, p
′) :b+r (p)b−r (p):

of 1-particle operator A =
(
Ar,r′(p, p

′)
)
with boson operators

b−r (p) =
√

2π/L|p|ρr(p)
b+r (p) = r sgn(p)b−r (p)†

b−r (p)|Ψ0〉 = 0 ∀ rp ≥ 0
[
b−r (p), b+r′(p

′)
]

= δr,r′δp,p′

1-particle trace: tr(A) =
∑

r

∑

p

Ar,r(p, p)

Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Formal series expansion

Let G = β(H +W), H = dΓ̂(K), W = dΓ̂(W ), O = dΓ̂(O). Then

Tr
[
e−GO

]
Tr
[
e−G

] − Tr
[
e−βHO

]
Tr
[
e−βH

] =
Tr
[
e−βdΓ̂(K+W )dΓ̂(O)

]
Tr
[
e−βdΓ̂(K+W )

] − Tr
[
e−βdΓ̂(K)dΓ̂(O)

]
Tr
[
e−βdΓ̂(K)

]
= tr

({[
e2β(K+W ) − 1

]−1 −
[
e2βK − 1

]−1
}
O

)
=

1

2
tr

({
coth(β[K +W ])− coth(βK)

}
O

)
=

1

β

∑
ν∈(2π/β)Z

tr

({[
iν − 2(K +W )

]−1 −
[
iν − 2K

]−1
}
O

)

=
∞∑
n=1

1

β

∑
ν∈(2π/β)Z

tr

([
iν − 2K

]−1
{

2W
[
iν − 2K

]−1
}n
O

)

=⇒ Tr
[
e−GO(x, t)

]

Tr
[
e−G

] =
Tr
[
e−βHO(x, t)

]

Tr
[
e−βH

] +

∞∑

n=1

εnG
(n)
O (x, t)

Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
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Both inverse-temperature and chemical-potential profiles

Initial state ρ̂β(·),µ(·) =
e−G

Tr[e−G]
with G =

∫ L/2

−L/2
dxβ(x)

[
E(x)− µ(x)ρ(x)

]

Conjugate O = dΓ̂(O) with V implementing gauge transformations

O → OV = VOV−1 = dΓ̂(OV ) + 1st and 0th order terms in b−r (p)

with OV = V OV −1 and V depending on β(x) and µ(x)

Repeat formal series expansion

=⇒ Tr
[
e−GO(x, t)

]

Tr
[
e−G

] =
Tr
[
e−βHOV(x, t)

]

Tr
[
e−βH

] +

∞∑

n=1

εnG
(n)
OV (x, t)
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Local Luttinger model

The terms for O = E and J can be evaluated and resummed:

lim
L→∞

Tr
[
ρ̂β(·),µ(·)E(x, t)

]
=
F (x− vt) + F (x+ vt)

2v

lim
L→∞

Tr
[
ρ̂β(·),µ(·)J (x, t)

]
=
F (x− vt)− F (x+ vt)

2

where F (x) =
π

6β2
+
Kµ(x)2

2π
+
∞∑
n=1

εnFn(x) and

Fn(x) =

∫
Rn+1

dp0 . . . dpn
(2π)n+1

(n−1∏
j=0

Ŵ (pj − pj+1)

)

× v

2

∑
r

1

β

∑
ν∈(2π/β)Z

( n∏
j=0

rvpj
iν − rvpj

)
ei(p0−pn)x

implies F (x) =
πc

6β(x)2
+
Kµ(x)2

2π
+
cv2

12π

[
β′′(x)

β(x)
− 1

2

(
β′(x)

β(x)

)2
]

with c = 1, v = v(0), K = K(0). Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
Gawedzki, Langmann, P.M., JSP (2018)
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Local Luttinger model

The terms for O = E and J can be evaluated and resummed:

lim
L→∞

Tr
[
ρ̂β(·),µ(·)E(x, t)

]
=
F (x− vt) + F (x+ vt)

2v

lim
L→∞

Tr
[
ρ̂β(·),µ(·)J (x, t)

]
=
F (x− vt)− F (x+ vt)

2

while all terms except the first are zero for O = ρ and j:

lim
L→∞

Tr
[
ρ̂β(·),µ(·)ρ(x, t)

]
=
G(x− vt) +G(x+ vt)

2v

lim
L→∞

Tr
[
ρ̂β(·),µ(·)j(x, t)

]
=
G(x− vt)−G(x+ vt)

2

where F (x) =
πc

6β(x)2
+
Kµ(x)2

2π
+
cv2

12π

[
β′′(x)

β(x)
− 1

2

(
β′(x)

β(x)

)2
]

G(x) =
K

π
µ(x)

with c = 1, v = v(0), K = K(0). Langmann, Lebowitz, Mastropietro, P.M., PRB (2017)
Gawedzki, Langmann, P.M., JSP (2018)
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Conformal field theory

The term −β′′(x)
β(x) + 1

2

(
β′(x)
β(x)

)2
can be written as a Schwarzian derivative

(Sg)(x) =
g′′′(x)

g′(x)
− 3

2

(
g′′(x)

g′(x)

)2

of the orientation-preserving circle diffeomorphism

g(x) =

∫ x

0

dx′
β0
β(x′)

,
1

β0
=

1

L

∫ L/2

−L/2

dx

β(x)
.

Suggests that the results for β(x) can be obtained by conformal
transformations: Shown using projective unitary representations of g(x)
on the Hilbert space. Gawedzki, Langmann, P.M., JSP (2018)

For inhomogeneous systems with velocity v(x). P.M., accepted in AHP (2021)
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Conserved charges

Let I1 =
{

(r, p)
∣∣ r = ±, p ∈ 2π

L Z+
}
and I0 =

{
(r, 0)

∣∣ r = ±
}

Mutually commuting conserved charges

Qr′,p′ = qr′,p′(0), qr′,p′(p) =





π
Lv(p′)

[
:ρ̃r′(p− p′)ρ̃r′(p′):

+:ρ̃r′(−p′)ρ̃r′(p+ p′):
]

(r′, p′) ∈ I1
π
Lv(0)ρ̃r′(p)Q̃r′ (r′, p′) ∈ I0

QJr′ = qJr′(0), qJr′(p) =
√
K(p)ρ̃r′(p) r′ = ±

Generalized Gibbs ensemble

Q =
(

(Qr′,p′)(r′,p′)∈I , (Q
J
r′)r′=±

)
I = I1 ∪ I0

such that H =
∑

(r′,p′)∈I
Qr′,p′ + EGS
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Inhomogeneous quantum quench

Initial state
e−Gβ(·)

Tr
[
e−Gβ(·)

] with

Gβ(·) =
∑

(r′,p′)∈I1

∫ L/2

−L/2
dxβr′,p′(x)qr′,p′(x)

+
∑

r′=±

∫ L/2

−L/2
dxβr′,0(x)[qr′,0(x)− µJr′(x)qJr′(x)]

where qr′,p′(x) =
∑

p
1
Lqr′,p′(p)e

ipx and similarly for qJr′(x)

Quench dynamics:

〈O(x, t)〉β(·) =
Tr
[
e−Gβ(·)O(x, t)

]

Tr
[
e−Gβ(·)

] O(x, t) = eiHtO(x)e−iHt
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Euler-scale GHD

Euler-scale hydrodynamic approximation

〈O(x, t)〉β(·) ≈ 〈O〉β(x,t) =
Tr
[
e−Gβ(x,t)O

]

Tr
[
e−Gβ(x,t)

] O = O(0, 0)

with

Gβ(x,t) =
∑

(r′,p′)∈I\I0
βr′,p′(x, t)Qr′,p′ +

∑

r′=±
βr′,0(x, t)[Qr′,0 − µJr′(x, t)QJr′ ]

Hydrodynamic equations ∂t〈qi〉β(x,t) + ∂x〈ji〉β(x,t) = 0 become

∂t〈qr′,p′〉β(x,t) +
∑

(r′′,p′′)∈I
Ar
′′,p′′
r′,p′ (x, t) ∂x〈qr′′,p′′〉β(x,t) = 0

∂t〈qJr′〉β(x,t) +
∑
r′′=±

Ar
′′
r′ (x, t) ∂x〈qJr′′〉β(x,t) = 0

P.M., SciPost Phys. (2020)
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Explicit solutions

Flux Jacobians:

Ar
′′,p′′

r′,p′ (x, t) =
∂〈jr′,p′〉β(x,t)

∂〈qr′′,p′′〉β(x,t)
= veffr′,p′δr′,r′′δp′,p′′

Ar
′′
r′ (x, t) =

∂〈jJr′〉β(x,t)

∂〈qJr′′〉β(x,t)

= veffr′,0δr′,r′′

veffr,p = r
d[v(p)p]

dp

Hydrodynamic equations =⇒ PDEs for β(x, t) with β(x, 0) = β(x):

∂t〈qr′,p′〉β(x,t) + veffr′,p′∂x〈qr′,p′〉β(x,t) = 0

∂t〈qJr′〉β(x,t) + veffr′,0∂x〈qJr′〉β(x,t) = 0

Solutions:

βr′,p′(x, t) = βr′,p′(x− veffr′,p′t) µJr′(x, t) = µJr′(x− veffr′,0t)

P.M., SciPost Phys. (2020)
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Euler-scale GHD results for transport

For simplicity, initial state with β±,p(x) = β(x) and µJ±(x) = µ(x)

Heat transport:

〈E〉∞β(x,t) =
∑

r

∫ ∞

0

dp

2π

v(p)p

eβ(x−v
eff
r,pt)v(p)p − 1

+
∑

r

K(0)µ(x− veffr,0t)2
4πv(0)

+ EGS

〈J 〉∞β(x,t) =
∑

r

∫ ∞

0

dp

2π
veffr,p

v(p)p

eβ(x−v
eff
r,pt)v(p)p − 1

+
∑

r

rK(0)µ(x− veffr,0t)2
4π

Charge transport:

〈ρ〉∞β(x,t) =
∑

r

K(0)µ(x− veffr,0t)
2πv(0)

〈j〉∞β(x,t) =
∑

r

rK(0)µ(x− veffr,0t)
2π

Here: 〈·〉∞ = limL→∞〈·〉
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Emergent Euler-scale GHD results

Claim:
lim
λ→∞

〈O(λx, λt)〉β(·/λ) = 〈O〉β(x,t)

From exact results for charge transport:

lim
λ→∞

〈ρ(λx, λt)〉∞β(·/λ) = lim
λ→∞

∑
r

∫ ∞
−∞

dp

2π

K(p)λµ(λp)

2πv(p)
eip[λx−rv(p)λt] +O(ε2)

=
∑
r

K(0)µ(x− veffr,0t)
2πv(0)

+O(ε2) = 〈ρ〉∞β(x,t) +O(ε2)

lim
λ→∞

〈j(λx, λt)〉∞β(·/λ) = lim
λ→∞

∑
r

∫ ∞
−∞

dp

2π

rK(p)λµ(λp)

2π
eip[λx−rv(p)λt] +O(ε2)

=
∑
r

rK(0)µ(x− veffr,0t)
2π

+O(ε2) = 〈j〉∞β(x,t) +O(ε2)

Similar for heat transport

Also: Formal proof for any local observable (no series expansion in ε)
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Euler scale vs. long-range interactions

On the previous slide, change of variables from p to p/λ

=⇒ Dependence on K(p/λ) and v(p/λ)

=⇒ Dependence on V2,4(p/λ)

Example: If V2,4(p) =
πvF

1 + (ap)2
then

V2,4(p/λ)→
{

0 a→∞ (for λ fixed)

πvF λ→∞ (for a fixed)

in the sense of distributions

=⇒ Euler-scale and long-range limits do not commute
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Summary

� Exact analytical results for heat and charge transport in the
non-local Luttinger model. Non-trivial dispersive effects.

� Emergence of Euler-scale generalized hydrodynamics in the
non-local Luttinger model with short-range interactions.

Outlook:

� General quasi-free bosonic models in 1+1 dimensions. Effects of
integrability-breaking terms?

� Euler scale vs. long-range interactions. Precise conditions?

� Beyond Euler-scale hydrodynamics.

� Global quenches, e.g., interaction quench.
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